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Energetics of quantum correlations 
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Abstract. - We consider a photo-Carnot engine that consists of a single-mode radiation field 
in an optical cavity. One the heat reservoirs is made of a beam of thermally entangled pairs of 
two-level atoms that interact resonantly with the cavity. We express the thermodynamic efficiency 
of the engine in terms of the quantum discord of the atomic pair and find that it can exceed its 
classical value. Our results show that useful work can be extracted from quantum correlations, 
indicating that the latter are a valuable resource in quantum thermodynamics. 



Introduction. — Nonclassical correlations are one of 
the most intriguing consequences of quantum theory. A 
major discovery of the last decade is that the efficiency of 
some computing and information processing tasks can be 
greatly enhanced when using quantum correlated states 
[1]. Quantum correlations are traditionally associated 
with entanglement, that is, nonseparability. However, it 
has recently been realized that the notion of nonclassi- 
cal correlations is more general [2-4]. An information- 
theoretic measure of the quantumness of correlations, the 
quantum discord, has been introduced by Ollivier and 
Zurek [3]. It is defined as the difference of two expres- 
sions of the mutual information that are classically identi- 
cal (see Eg. [Til below). The quantum discord can be non- 
zero for states that are separable, indicating the presence 
of quantum correlations in nonentangled states. Remark- 
ably, a recent experiment has demonstrated that states 
with non-zero discord can lead to an exponential speedup 
\ in a model of quantum computation (deterministic quan- 
tum computation with one quantum bit - DQC1), in the 
absence of entanglement [5,6]. 

A thermodynamic approach to quantify quantum cor- 
relations has been developed in Refs. [7-10], exploiting 
the intimate connection existing between thermodynamics 
and information theory. The basic quantity in this context 
is the work deficit, defined as the difference of thermo- 
dynamic work that can be extracted globally and locally 
from a heat bath using a correlated bipartite state. The 
work deficit has been shown to be equal to the quantum 
discord when one-way communication is allowed [8,9]. In 
this paper, we consider the problem of gaining useful work 



from quantum correlated states. Specifically, we discuss a 
scheme that permits extraction of thcrmodynamical work 
from an ensemble of thermal quantum correlated qubits 
with non-zero discord. 

We consider the photo-Carnot engine introduced by 
Scully and coworkers [11]. The latter consists of a sin- 
gle mode of a quantized radiation field inside a resonant 
high-quality optical cavity. One of the mirrors of the cav- 
ity (the piston) is driven by the radiation pressure of the 
thermal photons of the field, while the other mirror is 
used to exchange heat with an external reservoir. The 
coupling to a second (quantum) reservoir is achieved by 
sending individual thermal atoms through the cavity and 
letting them interact with the radiation field. Two cases 
can then be distinguished [11]: When regular two-level 
atoms are sent through the cavity, the maximum efficiency 
of the quantum engine after a Carnot cycle is found to be 
given by the classical efficiency, r/c = 1 — T c /Th, where 
T c and are the respective temperatures of the cold and 
hot reservoir (which here corresponds to the atomic reser- 
voir). The situation changes dramatically when three- 
level atoms are considered instead. By preparing the two 
(quasi-degenerate) ground states in a coherent superpo- 
sition and by properly tuning the relative phase between 
the two states, the temperature of the cavity can be effec- 
tively increased. As a consequence, the quantum efficiency 
can become larger than the classical one, rj > rjc- Ther- 
modynamic efficiency can therefore be improved by using 
quantum coherence as a resource. 

In order to investigate the effect of quantum correla- 
tions in the quantum Carnot engine described above, we 
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consider pairwise correlated two-level atoms in a thermal 
entangled state [12]. The notable feature of these states 
is the existence of entanglement in thermal equilibrium 
at finite temperature. Thermal entanglement has been 
extensively studied in solid-state systems, such as vari- 
ous Ising or Heisenberg spin models [13-15]. Signatures 
of thermal entanglement in macroscopic systems have in 
addition been observed in recent experiments [16-18]. 

In the following, we calculate the thermodynamic effi- 
ciency of the photo-Carnot engine when a beam of two- 
level atoms in thermal entangled states is sent through 
the optical cavity. In the limit of very large number of 
atoms, the beam can be considered as a heat reservoir 
and the efficiency of the quantum engine reduces to the 
known classical value when atoms are not correlated. We 
treat two different cases: In the first case, the two atoms 
of a correlated pair fly sequentially through the cavity, 
whereas in the second case, only one of the atoms inter- 
acts with the radiation field. In both situations, we find 
that the presence of correlations modifies detailed-balance 
between absorption and emission of photons in the cavity 
and changes it effective temperature; the temperature is 
lowered in the two-atom case, while it is raised in the 
one-atom case. As a result the quantum Carnot engine 
can outperform the classical engine, showing that quan- 
tum correlations are a valuable resource. 

Thermal entanglement. — Let us consider two iden- 
tical two-level atoms with frequency u> coupled via a XY- 
Heisenberg interaction of the form, 



(1) 



where A is the controllable strength of the interaction. 



We have here defined the spin operators 



<rf/2 



(|<7><<?li-|e>H-)/2 and Sf = {S*±iSf), where a*** 
are the usual Pauli operators. Ground and excited states 
are denoted by \g) and |e). In the context of cavity QED, 
a scheme to entangle in a controlled manner two identi- 
cal atoms via the XY-Heisenberg interaction (JTJ has been 
recently proposed in Ref. [19] and implemented experi- 
mentally [20]. The state of the two atoms in thermal 
equilibrium at temperature T is described by the density 
operator, p = Z^ 1 exp(—/3H), where Z = Trexp(—(3H) = 
2 (cosh(/3?kj) + cosh(f3TiX)) is the partition function and 
f3 = (fcT) -1 . In the natural basis {\gg},\ge},\eg),\ee}}, 
the thermal density matrix can be written as, 



e^\gg)(gg\ + e-^\ee)(ee\ 



+ e ^|*_)(^_| + e- pflA |*+)(* + |J , (2) 

where we have introduced the maximally entangled Bell 
states, |\I>±) = (±[ge) + \eg)) /y/2, which, together with 
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Fig. 1: Schematic representation of the photo-Carnot engine: 
A beam of quantum correlated two-level atoms (quantum 
reservoir at temperature T) is sent through a resonant opti- 
cal cavity (system at temperature T ca ). Work is produced by 
putting the cavity cyclically in contact with another reservoir 
at a different temperature, with a quantum efficiency g. 



the states \gg) and |ee), form an orthogonal basis. It 
is worth noticing that the interaction parameter A con- 
trols the weight of the two Bell states inside the mix- 
ture. For further reference, we also define the following 
matrix elements of p: the matrix elements in the ground 
and excited states, p g — (gg\p\gg) = Z^ 1 exp(/3hui) and 
p e — (ee\p\ee) = Z^ 1 exp(—f3hoj), as well as the diag- 
onal, pd — (ge\p\ge) = (eg\p\eg) — Z^ 1 cosh(/3hA) and 
nondiagonal elements, p n d = (ge\p\eg) = (eg\p\ge) = 
— Z^ 1 sinh(/37iA). The nondiagonal matrix elements van- 
ish when A = 0. 

The entanglement properties of the thermal state j2]) 
have been investigated in Ref. [21]. The concurrence can 
be evaluated in closed form and reads 



C = max < 0, 



sinh (j3hX) - 1 



cosh {(3huj) + cosh (f3Ti\) 



(3) 



For (3%\ > arcsinh(l) ~ 0.88, the concurrence is non- 
zero and the two atoms described by Eq. ([2]) are therefore 
thermally entangled. However, for (3Ti\ < arcsinh(l), the 
concurrence vanishes and the mixture is separable. The 
thermal state ([2]) is thus entangled for sufficiently low tem- 
perature and/or strong coupling A. 

Two atoms through cavity. — We now focus on 
the situation in which atoms of thermal entangled pairs 
pass through the cavity at random time intervals, as de- 
picted in FigfTJ Each atom, j — 1,2, interacts with the 
single mode of the radiation field via a resonant Jaynes- 



Cummings coupling, 



Jjint 



-gh(aS+ + a t S' J ), with 



coupling constant g. The Hamiltonian of the cavity mode 
is H ca = huja^a, where a and are the ladder operators 
of the oscillator. We are interested in the stationary prop- 
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erties of the single cavity mode described by the operator 
Pca(t), when a large number of similarly prepared pairs 
of atoms is sent through the cavity. The master equa- 
tion obeyed by p ca (t) can be derived in the limit of weak 
coupling by using standard techniques [22] and reads, 

dpea . r + 1 

= iuj [p ca ,a>a\ 
-y0 2 (aa^p ca - 2a^p ca a + p ca aa)) 
-y 4> 2 (a^ap ca - 2ap ca a { + p ca a^a) , (4) 

where 4> = gr with r the time spent by atoms inside the 
cavity. The coefficients r\ and r 2 are the arrival rates for 
atoms being respectively in the excited and ground state. 
They are related to the probabilities of emission and ab- 
sorption of a photon in the cavity and are explicitly given 
by n = (p e + Pd + Pad) and r 2 = (p g + p d + p n d)- The 
asymptotic steady state solution of the master equation 
(f?|) is the thermal distribution, 

p s ca = (1 - e -0cah^ e -/3 ea n^a ( 5 ) 

The inverse temperature of the cavity, (3 ca — (fcT ca ) _1 , 
is determined by the coefficients r\ and r 2 through the 
detailed-balance condition, exp(— f3 ca uj) — r\jr 2 . When 
the interaction parameter A is zero, the temperature of 
the cavity is equal to the atomic temperature, T ca = T. 
On the other hand, when A ^ 0, the diagonal and nondiag- 
onal matrix elements, pd and p n d, modify detailed-balance 
between emission and absorption. As a result, the tem- 
perature of the cavity is effectively changed. We will see 
below that A indicates the presence of quantum cor- 
relations between two paired atoms. 

The temperature of the cavity can be readily expressed 
in terms of the frequency w of the two-level atoms and the 
interaction parameter A. We have, 

(3 phuj \ ef*» + e-P hx ) ' [ ' 

The ratio f3 ca / ' (3 is always larger or equal than one, imply- 
ing that the temperature of the cavity is smaller than the 
temperature of the reservoir when A ^= 0. 

One atom through cavity. — We next consider 
the case where only one atom of the thermal entangled 
pair is sent through the cavity. The density operator of 
that atom is obtained from the total density matrix @ 
by tracing over the second atom. Due to the symmetry 
of the mixture, the two reduced operators are identical. 
By repeating the previous analysis, we find that the sta- 
tionary state of the cavity field is thermally distributed 
with an inverse temperature, (3' ca — (kT^)^ 1 , satisfying 
exp(-(3' ca uj) = r[/r' 2l with r' x = p e + p d and r' 2 = p g + p d . 
Here, the coefficients r[ and r 2 depend on the interaction 



parameter A only through the diagonal matrix elements 
Pd, since the nondiagonal elements do not appear. For the 
inverse temperature of the cavity, we obtain, 

^1 l + e^coshQgfiA) 
S3 [3hw n e^" + cosh(/?7iA) ' 1 ' 

Contrary to the two-atom case, we observe that the in- 
verse temperature ratio f3' ca / [3 is smaller or equal than one, 
indicating that the temperature of the cavity is larger than 
T when A ^ 0. 

Absorption and emission. — Deeper insight into 
the previous results can be gained by directly examining 
the probabilities of absorption and emission of a photon 
by the cavity mode. The latter can be easily calculated 
from the master equation ([2]) by evaluating the transition 
rates per unit time, t±, from an oscillator state \n) to the 
adjacent states \n ± 1) [23]. They are given by 

t + — ri<j) 2 (n + l) , (absorption) (8) 
<_ = r 2 (j) 2 n , (emission) (9) 

and similar expressions for the transition rates, t'±, in the 
one-atom case. The dependence of the different rates on 
the interaction parameter A is shown in Fig. O When a 
beam of correlated atomic pairs is sent through the cav- 
ity, a larger value of A leads to a stronger reduction of the 
absorption rate than the emission rate. As a consequence, 
less energy is deposited in the cavity and its temperature 
is therefore effectively lowered. On the other hand, when 
only one atom of the pair passes through the cavity, the 
absorption probability is enhanced, while emission is sup- 
pressed. In contrast to the previous situation, more energy 
is thus provided to the cavity. This results in an effective 
temperature rise. 

The above results seem to contradict the zeroth law of 
thermodynamics which states that two objects in ther- 
mal equilibrium have the same temperature; one would 
then expect the temperature of the system to be equal 
to the temperature of the reservoir [24]. The key ob- 
servation to resolve this apparent paradox is that, con- 
trary to the usual situation in macroscopic thermody- 
namics, here the system (cavity mode) does not interact 
with the reservoir (atomic beam) as a whole, but sequen- 
tially with its individual parts (atoms). Let us consider 
the total density operator of a pair of atoms as given by 
Eq. ([2]). The latter corresponds to the equilibrium Gibbs 
state p = Z^ 1 exp(—f3H). In the absence of correlations, 
the total density operator of the pair is the direct prod- 
uct, p — pa x ® pa 2 , of the reduced density operators of 
the individual atoms, p^ — Tr^.p; they are also given by 
Gibbs states, = Z~ x exp(— (3Hi), since A = 0. In the 
presence of correlations, however, the total state does not 
factorize and the density operators of atoms Ai and A2 
are no longer of the Gibbs form. Therefore, although the 
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Fig. 2: Probabilities of absorption and emission, t±, of a photon 
by the cavity mode, Eqs. iJSJ and , from the oscillator state 
n = 1, as a function of the interaction parameter f3h\ for a 
fixed value of the temperature fthoj = 1. 



is the von Neumann entropy of the reduced density op- 
erator of atom j, and H(l,2) = — Trplog 2 p is the joint 
entropy of the total density matrix J2]). The alterna- 
tive quantum generalization of the mutual information is 
J(l : 2) = H(l) - H(l\ {n 2 ,;}); it describes the infor- 
mation gained about atom 1 as a result of a set of mea- 
surement {112,;}) on atom 2. The conditional entropy, 
H(l\ {U 2 ,i}) = iZiPiH{l\\l 2 .i), is the sum of the von Neu- 
mann entropies H(l\Tl2,i) of the conditional density oper- 
ators, Pi|n 2i — ^2,iP^2,i/pi, after a perfect measurement 
of atom 2. The operators {lb,;} define a set of orthog- 
onal projectors on atom 2 and pi — Tri^n^/p denotes 
the probability of occurrence of state Pi\n 2l m a given 
measurement. The mutual information J(\ : 2) usually 
depends on the measurement basis and the discord has to 
be minimized over all sets {IT2/}. Using the parametrized 
basis, {cos 0\g) — sin 6\e). — sin 6%) — cos 0\e)}, we find the 
minimum of the discord for 8 — 7r/4: 



pair as a whole is in an equilibrium state, the individual 
atoms of the pair, with which the cavity mode interacts, 
are not. The reduced density operators of the atoms are 
explicitly given by, 



5(1\2) 



PA! = PA 2 



i"2\g)(g\ +ri|e)(e| 



(10) 



The level occupancies of ground and excited states 
take their equilibrium values, e^ hu) /2 cos(f3huj) and 
e~ /3fiw /2 cos(f3~hu) , only when A = 0. The resonant inter- 
action of the cavity mode with the nonequilibium atoms 
then leads to the thermal state, Eq. ([5]), with a temper- 
ature different from the reservoir temperature. This un- 
usual feature is a consequence of the microscopic size of the 
photo-Carnot engine; it occurs for the quantum correlated 
as well as for the quantum coherent atomic reservoir [11]. 
It is important to emphasize that the steady-state den- 
sity operator of the cavity mode, Eq. (J5J) , is always given 
by a thermal state with a well-defined temperature for all 
values of the interaction parameter A. 

Interestingly, the temperature of the cavity differs from 
the atomic temperature in both cases, even when (3h\ < 
arcsinh(l), that is, even when the two-atom state is sepa- 
rable. This result shows that entanglement by itself is not 
responsible for the observed deviations. In the following, 
we express the modified cavity temperature in terms of 
the quantum discord. 

Quantum discord. — The quantum discord is de- 
fined as the difference between two expressions of the mu- 
tual information that are classically equal [3], 



<y(l|2)=J(l:2)-,7(l:2). (11) 

The quantum mutual information 1(1 : 2) is given by 1(1 : 
2) = H(l) + H(2) - H(l, 2). Here H(j) = -Tr Pj log 2 Pj , 



ln(2) 



2 (j3h\) p nd + p a ln 



Pa + Pd 



- Pd In (Z 2 (p g + p d ) (p e + Pd j) + *e In * £ 



(12) 



where we have defined <& e = (1+e-J (p e — p g ) 2 + Ap 2 id )/2. 
The discord vanishes when the interaction parameter A 
is zero, corresponding to the absence of quantum correla- 
tions between the two atoms. For maximally correlated 
states, the discord is unity and is, in this particular case, 
equal to the concurrence C. In general, however, the dis- 
cord is different from the concurrence and can even be 
nonzero when the state is separable. 

Figure [3] shows the ratio of the temperature of the cav- 
ity and the reservoir temperature, Eqs. ([6]) and ([7]), as a 
function of the quantum discord (fT2|) for a fixed value of 
(3huj. We first observe that the temperature of the cav- 
ity is equal to the reservoir temperature in the absence of 
quantum correlations when the discord is zero. We fur- 
ther clearly recognize that the temperature of the cavity 
increases with the discord in the case where only one of the 
two correlated atoms passes through the cavity, and de- 
creases when both atoms fly through the cavity. We can 
therefore conclude that the deviation of the cavity tem- 
perature from the reservoir temperature is induced by the 
quantum correlations of the thermal entangled pair. The 
maximum temperature deviation is obtained for maximal 
quantum correlations, <5(1 1 2) = 1. 

For general correlated states, quantum and classical cor- 
relations coexist and quantifying them is a nontrivial task. 
Following Henderson and Vedral [25], we compute clas- 
sical correlations in a quantum system as the maximum 
over all measurements of the quantum mutual information 
.7(1:2), 
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Fig. 3: Relative inverse temperature of the cavity, /3 ca //3, 
Eqs. © and as a function of the quantum discord 5(1|2), 
Eq. 1(12)1. for the parameter = 10" 3 . The full (dashed) 

line corresponds to the situation in which one (two) atom(s) of 
the thermal entangled pair goes through the optical cavity. 



C(l|2)=max {n , i}l 7(l:2). (13) 

For the bipartite thermal entangled state, Eq. ((5]), we find 
that the set of measurements that minimizes the quantum 
discord also maximizes classical correlations. In view of 
the definition of these two quantities, we thus obtain that 
J(l : 2) = <S(1|2) + C(l|2). In other words, classical and 
quantum correlations do add up in this case to the total 
correlations, as given by the mutual information. We have 
verified that this result also holds for generalized POVM 
measurements [26]. 

The inverse temperature dependence of the four corre- 
lation measures, 1(1 : 2), <5(1|2), C(l|2) and C, is plot- 
ted in FigfJ] for a fixed value of the interaction parameter 
A < u>. In the limit of high temperatures, (3fiu <C 1, 
the atomic pair is separable (C = 0) and quantum dis- 
cord is equal to classical correlations, <5(1|2) ~ C(l|2). It 
should be stressed that classical correlations are in gen- 
eral much smaller than quantum correlations. For small 
interaction parameter, f3h\ <C 1, Eqs. (fl~2f and (fl~3|) sim- 
plify to <5(1|2) ~ C7(l|2) ~ (/3?iA) 2 /81n2. Hence, for the 
atomic pairs passing through the cavity, we can directly 
express the effective temperature of the cavity in terms of 
the quantum mutual information using Eq. ©, yielding 
a square-root dependence, T ca = T(l — \/T{l : 2) In 2). 
On the other hand, for low temperatures, classical corre- 
lations vanish, as expected, and mutual information, dis- 
cord and concurrence become identical. In this regime, 
we find that 1(1 : 2) ~ 5(1\2) ~C~ exp(/37i(A - lu)). It 
then follows that, for small interaction parameter, T ca = 
-T(/3?iw)- 1 lnX(l : 2). 

Thermodynamic efficiency. — We are now in the 

position to show that quantum correlations can increase 
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Fig. 4: Four measures of the correlations in the thermal entan- 
gled state p as a function of the inverse temperature j3: quan- 
tum discord <5(1|2), classical correlations C(l|2), total correla- 
tions 1(1 : 2) and concurrence C, for Tiuj — 1 and h\ — 0.5. 
For high temperatures, the concurrence is zero and classi- 
cal correlations are equal to quantum correlations. By con- 
trast, for low temperatures, classical correlations vanish and 
1(1 : 2) ~ S(l\2) ~ C. 

the thermodynamic efficiency above its classical value. We 
consider a usual Carnot cycle where the cavity is succes- 
sively put into contact with a high and low temperature 
reservoir as discussed in detail in Ref. [11]. In the situ- 
ation where the two atoms of the pairs pass through the 
cavity, the atomic reservoir is taken to be the cold reser- 
voir, while the opposite choice is made for the one-atom 
case. For high temperatures, taking into account that 
1(1 : 2) = (5(1 1 2) + C(l|2), the thermodynamic efficiency 
can be written as, 

V = Vc + Y h V(<5(l|2) + C(l|2))ln2 . (14) 

The efficiency rj can thus be decomposed into the clas- 
sical efficiency rjc (without correlations), and the contri- 
butions from the quantum correlations <5(1|2) and the ac- 
companying classical correlations C(l|2). By contrast, for 
lower temperatures, since classical correlations vanish and 
1(1 : 2) ~ 6(1 1 2) ~ C, we can directly relate the efficiency 
to the concurrence of an entangled pair, 

^ + S( 1 + ^ lnC ) • ^ 

The above equations show that the thermodynamic effi- 
ciency in presence of correlations between the two atoms 
exceeds the classical efficiency rjc correspondig to uncorre- 
cted atoms. Furthermore, we note that the quantum heat 
engine can still extract work from the external reservoirs 
when their temperatures are equal, T c = Th [11]. It should 
be emphasized that the second law of thermodynamics is 
not violated even though work can be gained from a single 
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reservoir. Indeed the interaction between atoms and cav- 
ity field induces a temperature difference between the two 
only when atomic pairs are correlated, and work has to 
be provided to prepare the correlated thermal entangled 
state ([2]) . Finally, it is interesting to mention that a high- 
quality optical cavity with a movable mirror has recently 
been fabricated with a micromechanical mirror [27]. 

Conclusion. — We have shown that a beam of quan- 
tum correlated two-level atoms can modify detailed- 
balance between absorption and emission of photons in a 
single-mode cavity and change its effective temperature. 
In the limit of small correlations, we have expressed the 
efficiency the microscopic photo-Carnot engine in terms 
of the quantum discord and shown that the efficiency ex- 
ceeds the classical limit given by uncorrelated atoms. Use- 
ful work can thus be extracted from quantum correlated, 
but not necessarily entangled, thermal qubits. These find- 
ings show that quantum correlations cannot only be used 
as a valuable resource in quantum information theory, but 
also in the realm of quantum thermodynamics. 
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